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Part I

SeisSol – Extreme Scale
Multi-Physics Earthquake Simulations

http://www.seissol.org/ (all software open source)

Krenz et al. [3]: 3D acoustic-elastic coupling with gravity: the
dynamics of the 2018 Palu, Sulawesi earthquake and tsunami.
Taufiqurrahman et al. [13]: Dynamics, interactions and
delays of the 2019 Ridgecrest rupture sequence.
Uphoff et al. [6]: Extreme Scale Multi-Physics Simulations of
the Tsunamigenic 2004 Sumatra Megathrust Earthquake.
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Dynamic Rupture and Earthquake Simulation

Dynamic rupture simulation with SeisSol: Sulawesi earthquake 2018 [3], Ridgecrest 2019 [13]

SeisSol – ADER-DG meets complex geometries: (www.seissol.org)
• adaptive tetrahedral meshes
→ complex geometries, heterogeneous media, multiphysics

• complicated fault systems with multiple branches
→ non-linear multiphysics dynamic rupture simulation

• ADER-DG: (adaptive) high-order discretisation in space and time
→ discontinuous Galerkin plus ADER (local) time stepping
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ChEESE Pilot: Earthquake–Tsunami Simulation
Fully coupled acoustic-elastic simulations of submarine earthquakes & tsunami generation

3D coupled elastic-acoustic simulation of the 2018 Sulawesi earthquake (Krenz et al. [3], SC21)

Example: 2018 Sulawesi Earthquake and local tsunami in Palu Bay
• project ASCETE: follow-up on linked modeling of earthquake (dynamic

rupture) simulation and subsequent shallow-water simulation, e.g. [14]
• ChEESE: fully-coupled simulation of elastic (solid earth) and acoustic

(ocean) layer→ coverage of complex 3D bathymetry
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Seismic Wave Propagation with SeisSol
Elastic Wave Equations: (velocity-stress formulation)

qt + Aqx + Bqy + Cqz = 0

with q = (σ11, σ22, σ33, σ12, σ23, σ13,u, v ,w)T ∈ R9
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Optimization of SeisSol

SeisSol in a nutshell: Governing eq’s

4

qt + Aqx + Bqy + Cqz = 0. (46)
The nine dimensional vector of unknowns,

q =

0
BBBBBBBBBBBB@
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v
w
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CCCCCCCCCCCCA

, (47)

includes the normal stress components �11, �22 and �33, the shear stresses �12,
�23 and �13 and the particle velocities in x-, y-, and z-direction, u, v and w
(see [7, ch. 22.1], TODO: Puente 1.2). Furthermore the matrices A, B and C
are defined by (see [Eigenstructure3D elastic.mws TODO]):

A =

0
BBBBBBBBBBBB@

0 0 0 0 0 0 -�- 2 µ 0 0
0 0 0 0 0 0 -� 0 0
0 0 0 0 0 0 -� 0 0
0 0 0 0 0 0 0 -µ 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 -µ

-⇢-1 0 0 0 0 0 0 0 0
0 0 0 -⇢-1 0 0 0 0 0
0 0 0 0 0 -⇢-1 0 0 0

1
CCCCCCCCCCCCA

B =

0
BBBBBBBBBBBB@

0 0 0 0 0 0 0 -� 0
0 0 0 0 0 0 0 -�- 2 µ 0
0 0 0 0 0 0 0 -� 0
0 0 0 0 0 0 -µ 0 0
0 0 0 0 0 0 0 0 -µ
0 0 0 0 0 0 0 0 0
0 0 0 -⇢-1 0 0 0 0 0
0 -⇢-1 0 0 0 0 0 0 0
0 0 0 0 -⇢-1 0 0 0 0

1
CCCCCCCCCCCCA

C =

0
BBBBBBBBBBBB@

0 0 0 0 0 0 0 0 -�
0 0 0 0 0 0 0 0 -�
0 0 0 0 0 0 0 0 -�- 2 µ
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 -µ 0
0 0 0 0 0 0 -µ 0 0
0 0 0 0 0 -⇢-1 0 0 0
0 0 0 0 -⇢-1 0 0 0 0
0 0 -⇢-1 0 0 0 0 0 0

1
CCCCCCCCCCCCA

. (48)

�(x, y, z) and µ(x, y, z) are the Lamé parameters, whereas µ is the shear modulus
and � doesn’t have a direct physical interpretation (see [7, ch. 22.1]), ⇢(x, y, z) >
0 is the density of the material (see [7, ch. 2.12.4]).
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• high order discontinuous Galerkin discretisation
• ADER-DG: high approximation order in space and time
• additional features: local time stepping, high accuracy of earthquake

faulting (full frictional sliding)
→ Dumbser, Käser et al., esp. [10,11,12]
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Seismic Wave Propagation with SeisSol
Poro-Elastic Wave Equations: (Wolf et al. [7], de la Puente et al. [9])

qt + Aqx + Bqy + Cqz = Eq

with q = (σ11, σ22, σ33, σ12, σ23, σ13,u, v ,w ,p,uf , vf ,wf )
T ∈ R13

• high order discontinuous Galerkin discretisation
• ADER-DG: high approximation order in space and time
• additional features: local time stepping, high accuracy of earthquake

faulting (full frictional sliding)
→ Dumbser, Käser et al., esp. [10,11,12]
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Seismic Wave Propagation with SeisSol
Visco-Elastic Wave Equations: (Uphoff et al. [4], Käser et al. [12])

qt + Aqx + Bqy + Cqz = Eq

with q = (σ11, σ22, σ33, σ12, σ23, σ13,u, v ,w , ζ1
11, . . . , ζ

3
3 )

T ∈ R9+6L

• high order discontinuous Galerkin discretisation
• ADER-DG: high approximation order in space and time
• additional features: local time stepping, high accuracy of earthquake

faulting (full frictional sliding)
→ Dumbser, Käser et al., esp. [10,11,12]
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DG on Tetrahedral Meshes
Weak Form of the elastic wave equations:∫

Tk

qtφm d~x +

∫
Tk

(Aqx + Bqy + Cqz)φm d~x = 0

Apply chain rule and divergence theorem:∫
Tk

qtφm d~x =

∫
Tk

Aq(φm)x + Bq(φm)y + Cq(φm)z d~x

−
∫
∂Tk

Fφm d~s

Further choices:
• modal basis φm; φm orthogonal to obtain diagonal mass matrix
• hierachical (w.r.t polynomial degree) basis φm,

leads to staircase pattern in stiffness matrices
• exact Riemann solver for linear flux F
• ADER time stepping (“Arbitrary high-order DERivatives”)
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SeisSol Numerics in a Nutshell – ADER-DG
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Optimization of SeisSol

SeisSol in a nutshell: ADER-DG

5

Mathematical Operation File name Subroutine
(K⇠)T (Qk)T (A⇤

k)T + (K⌘)T (Qk)T (B⇤
k)T cauchykovalewski.f90 cauchyKovalewskiTimeIntegration

recursively ! I(tn+1 - tn)

Q̂k = A⇤
kI(tn+1 - tn) galerkin2d_solver.f90 ADERGalerkin2D_Unified

Q̂k = Q̂kK⇠ galerkin2d_solver.f90 ADERGalerkin2D_Unified

Q̂k = B⇤
kI(tn+1 - tn) galerkin2d_solver.f90 ADERGalerkin2D_Unified

Q̂k = Q̂kK⌘ galerkin2d_solver.f90 ADERGalerkin2D_Unified

⇥ ⇥ ⇥

Table 1: Matrix operations in SeisSol2D

3.7 Complete Update Scheme

Combining the spatial discretization in chapter 3.3 with the flux computation
in chapter 3.4 and the ADER time discretization of chapter 3.6 the following
explicit update scheme is obtained:

Qn+1
k = Qk-

|Sk|

|Jk|
M-1

✓ 4X

i=1

Nk,iA
+
k N-1

k,iI(t
n, tn+1, Qn

k )F-,i

+

4X

i=1

Nk,iA
-
k(i)N

-1
k,iI(t

n, tn+1, Qn
k(i))F

+,i,j,h

◆

+M-1A⇤
kI(tn, tn+1, Qn

k )K⇠

+M-1B⇤
kI(tn, tn+1, Qn

k )K⌘

+M-1C⇤
kI(tn, tn+1, Qn

k )K⇣

(91)

Qn+1
k = Qk-

|Sk|

|Jk|
M-1

✓ 4X

i=1

F-,iI(tn, tn+1, Qn
k )Nk,iA

+
k N-1

k,i

+

4X

i=1

F+,i,j,hI(tn, tn+1, Qn
k(i))Nk,iA

-
k(i)N

-1
k,i

◆

+M-1K⇠I(tn, tn+1, Qn
k )A⇤

k

+M-1K⌘I(tn, tn+1, Qn
k )B⇤

k

+M-1K⇣I(tn, tn+1, Qn
k )C⇤

k

(92)

4 Structure of the Code

5 Matrix Patterns

This chapter shows the matrix patterns in SeisSol for the ADER-DG scheme
of polynomial order 3, which results in (3 + 1)(3 + 2)(3 + 3)/6 = 20 degrees of
freedom. The global matrices correspond to the reference tetrahedron. Local
matrices are shown for the first element only. The output was extracted from
SeisSol directly.
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Scaling and Performance on Frontier (GPU)
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Strong scaling and performance on Frontier for the Kahramanmaras scenario (mesh
with 175 million elements) – comparing global (left) and local(right) time stepping.

Performance vs. time to solution of Local Time Stepping on Frontier
• on 16–512 nodes (4 AMD Instinct MI250X GPUs per node)
• > 2× performance advantage of GTS
• ∼ 5× improvement (on 32 nodes) in solution time due to LTS
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Part II

ExaHyPE – Building an Exascale
Hyperbolic PDE Engine

“They are skating to
where the puck will be . . . ”

(David Keyes)

Wayne Gretzky (image source: Wikipedia)
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Towards an Exascale Hyperbolic PDE Engine
ExaHyPE Goal: a PDE “engine” (as in “game engine”)
• enable medium-sized interdisciplinary research teams to realise

extreme-scale simulations of grand challenges within one year
• focus on hyperbolic conservation laws and high-order DG
• fixed numerics and mesh infrastructure, but stay flexible w.r.t. PDE

  

Finite Volume Limiting

Code Generation

High Order ADER-DG

Tree Structured AMR
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Applications with the ExaHyPE Engine

relativistic astrophysics [27,34] seismic waves [17,18,19] crack propagation [29,32]

shallow water [28,23] cloud formation [30] landslides
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ExaHyPE’s Software Architecture
Solve systems of 1st-order hyperbolic PDEs of the form:

P
∂Q
∂t

+∇ · F(Q,∇Q) +
d∑

i=1

Bi(Q)
∂Q
∂xi

= S(Q) +
∑

δ

Solving Hyperbolic PDE Systems with ExaHyPE
M. Bader, J.-M. Gallard, L. Rannabauer, A. Reinarz (Technical University of Munich)
M. Dumbser (Univ. Trento), A.-A. Gabriel (LMU Munich), T. Weinzierl (Durham Univ.)

Towards an Exascale PDE Engine
ExaHyPE is designed to enable medium-sized
interdisciplinary research teams to quickly realise
extreme-scale simulations of grand challenges.
The ExaHyPE Engine solves systems of first-order
hyperbolic PDEs of the form:

P
∂Q
∂t

+∇ · F(Q,∇Q) +
d∑

i=1

Bi(Q)
∂Q
∂xi

= S(Q) +
∑

δ

ExaHyPE employs higher-order ADER-DG on
tree-structured adaptive Cartesian grids using
a-posteriori subcell Finite-Volume limiting [4]:

  

Finite Volume Limiting

Code Generation

High Order ADER-DG

Tree Structured AMR

Parallel AMR and Tasking:

I based on the Peano framework:
www.peano-framework.org

I 2D and 3D dynamic mesh refinement on
tree-structured Cartesian grids

I task-based implementation of space-time
predictor, corrector, limiter steps
→ single amortized traversal per time step [2]

I shared memory parallelisation through Intel’s
Threading Building Blocks (TBB)

I distributed memory parallelisation with MPI
(Peano framework)

Role-Oriented Code Generation:
Toolkit and Code Generator [3] provide views for:
I application expert(s): straightforward user API

that hides complexity of solver and optimization
I algorithms expert(s): architecture-oblivious

algorithm design via custom macros that isolate
low-level optimizations

I optimization expert(s): templating logic, e.g.
for hardware-aware optimizations

Toolkit and Code Generator are stand-alone
applications based on the Jinja2 templating engine.

How to Create Code that is Easy to Use & Extend, Flexible, Efficient, . . . ?

ExaHyPE user solver

Optimised or generic kernels

PDE terms (C/C++ or Fortran) 

ExaHyPE core

Solver base classes (ADER-DG, FV, ...)

Algorithms (time stepping, AMR, ...)

Plotters for various file formats
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Peano

Grid management and heaps

Distributed-memory parallelisation

Shared-memory parallelisation

steers

generates

written by user

toolkit/prepared by toolkit

Using the ExaHyPE Toolkit:

1 create a specification file that
defines the domain, PDE system,
required architecture,
parallelisation, etc.

2 ExaHyPE toolkit creates glue code,
application-specific template
classes and core routines (tailored
to application and architecture)

3 implement the application classes
with PDE- and scenario-specific
methods:
– flux(...), ncp(...), . . . for PDE terms

(conservative fluxes, non-conservative
products, etc.)

– eigenvalues(...) to compute
eigenvalues (for Riemann solvers)

– boundaryValues(...), etc.

Creating an ExaHyPE Application
Specification file: Implementation of flux function:
exahype -project Elastic

peano -kernel -path const = ./Peano
exahype -path const = ./ ExaHyPE
output -directory const = ./ Elastic

computational -domain
dimension const = 3
offset = 0.0, 0.0, 0.0
width = 1.0, 1.0, 1.0
end -time = 1.0

end computational -domain

solver ADER -DG ElasticWaveSolver
variables const = v:3,sigma :6
parameters const = rho:1,cp:1,cs:1
order const = 7
maximum -mesh -size = 2e-2
maximum -mesh -depth = 2
terms const = flux ,ncp ,

material_parameters ,point_sources
optimisation const = optimised
language const = C
basis = Lobatto

end solver
end exahype -project

void Elastic :: ElasticWaveSolver
::flux(const double* const Q,

double ** const F) {

// PDE -specific implementation:
VariableShortcuts s;
double sigma_xx=Q[s.sigma + 0];
double sigma_yy=Q[s.sigma + 1];
double sigma_zz=Q[s.sigma + 2];
double sigma_xy=Q[s.sigma + 3];
double sigma_xz=Q[s.sigma + 4];
double sigma_yz=Q[s.sigma + 5];

F[0][ s.v + 0] = -sigma_xx;
F[0][ s.v + 1] = -sigma_xy;
F[0][ s.v + 2] = -sigma_xz;

F[1][ s.v + 0] = -sigma_xy;
F[1][ s.v + 1] = -sigma_yy;
F[1][ s.v + 2] = -sigma_yz;

F[2][ s.v + 0] = -sigma_xz;
F[2][ s.v + 1] = -sigma_yz;
F[2][ s.v + 2] = -sigma_zz;

}

Application Examples: SWASI Experiment, Cloud Formation, TOV Star
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ADER-DG with Finite Volume Limiting
Disc. Galerkin with Space-Time Basis Functions: (Zanotti et al. [33])
• formulated for general hyperblic PDE system: ut +∇ · F (u) = 0
• integrate over space-time control volume Tk × [tn, tn+1]

and integrate by parts:
tn+1∫
tn

∫
Tk

φm
∂uh

∂t
dxdt +

tn+1∫
tn

∫
∂Tk

φmF (uh) d~Sdt −
tn+1∫
tn

∫
∂Tk

∇φm · F (uh)dxdt = 0

• element-local fixpoint scheme to solve
space-time problem (“Picard loop”)

• generalized Riemann solver to obtain F (·)
on boundaries

• Riemann solver flexible: Rusanov,
Osher-type, HLL-type, custom, . . .

• on tree-structured adaptive Cartesian
meshes
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Finite-Volume Limiting

• perform non-limited DG step (space-time prediction & correction)
• check DG-solution candidate for physical and numerical feasibilty
• flag cells as “troubled”, if solution not feasible
• re-compute solution via Finite-Volume scheme

on a (2p + 1)× (2p + 1) patch (with the same time step)
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